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Abstract: In the application of the nonlinear deformation model, which is considered the modern 

calculation methodology of reinforced concrete structures, design codes propose the use of material 

diagrams described by various analytical expressions. The main purpose of the article is to evaluate 

the results obtained based on these simplified bilinear and trilinear diagrams. The author has developed 

methodologies for investigating the stress–strain state and load-bearing capacity of concrete under 

compression using both simplified and full diagrams proposed by Eurocode (EC). In all variants, it is 

assumed that reinforcement bars deform according to a bilinear diagram. By applying this 

methodology, numerical examples are presented where results obtained from different diagrams are 

compared, showing that although similar results are achieved in determining load-bearing capacity 

across all variants, other parameters characterizing the stress–strain state are determined more 

accurately with the trilinear diagram.  

Keywords: nonlinear deformation model, concrete, reinforcement, load-bearing capacity, eccentricity.  

 

Introduction 

 In recent years, the modern theory of reinforced concrete structures has been intensively developed 

through the application of the nonlinear deformation model [1,2,3]. In accordance with the principles 

of this model, when calculation methodologies are established, the nonlinear deformation diagrams of 

materials and the validity of the plane section hypothesis up to the moment of failure for complex 

reinforced concrete structures are accepted. Unlike the limit state method, the application of this model 

allows the investigation of the stress–strain state for any arbitrary level of loading [2,3,4,5,6,7]. One of 

the compressed reinforced concrete structural elements is the column with a circular cross-section, 

uniformly reinforced along the section. It is known that parameters such as the eccentricity of the 

compressive force and the slenderness of the compressed element must be considered as factors 

influencing the stress–strain state and load-bearing capacity of such elements. Depending on these 

quantities, the load-bearing capacity of the compressed element is determined by either the strength or 

stability condition. To clarify which condition defines the load-bearing capacity, the “load–

displacement” diagram of the compressed element must be known. Modern calculation methodologies 

allow the investigation of both the stress–strain state and the load-bearing capacity based on a unified 

methodology depending on the level of loading [2,3,4,5,6,7]. In this article, based on the calculation 
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methodology proposed by the author, the accuracy of various simplified diagrams suggested by 

standards is evaluated through numerical experiments. 

 

Problem Statement 

For a reinforced concrete element with a circular cross-section, compressed with arbitrary eccentricity 

and arbitrarily reinforced, a system of governing equations is established to investigate the stress–strain 

state by applying a bilinear diagram for reinforcement bars, a bilinear and trilinear simplified diagram 

for concrete as proposed in construction codes, and the full diagram suggested in Eurocode. When 

forming the system of equations, it is assumed that the plane section hypothesis remains valid for the 

composite section up to the moment of loss of load-bearing capacity. The tensile behavior of concrete 

is neglected in comparison with its compressive behavior, and it is assumed that the tensile stresses in 

the section are carried by the reinforcement bars distributed across the section [2-9]. Finally, the 

solution of the problem reduces to solving a system of nonlinear algebraic equations with respect to 

the deformation of concrete at the compressed face of the most stressed section and the parameters 

determining the position of the neutral axis. 

 

Solution of the Problem 

 In Figure 1 below, the possible stress–strain states that may form in the section when applying the full 

diagram are illustrated. For concrete in compression, the bilinear, trilinear, and full diagrams, and for 

reinforcement bars in tension–compression, the bilinear diagrams are presented in Table 1. 

Furthermore, in Table 2, the analytical expressions of these deformation diagrams of the materials are 

given. The parameters included in these analytical expressions are determined by construction codes. 

Their characteristic values are provided at the same table. 

 
Figure 1. Calculation scheme of the cross-section of a reinforced concrete element with circular 

cross-section. 
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Table 1. Deformation diagrams of materials. 

 
 

       Bilinear diagram of concrete in 

compression 

        Trilinear diagram of concrete in 

compression 

 

 
Full diagram of concrete in compression Bilinear diagram of reinforcement bars in 

tension–compression 

0015,01 b ;  002,00 b ;  0035,02 b ;  bb R 6,01  

 

Table 2. Analytical expressions of material deformation diagrams. 
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Since, in accordance with the requirements of the nonlinear deformation model, it is accepted that the 

plane section hypothesis remains valid for the composite reinforced concrete section up to the moment 

of failure, based on this hypothesis the distribution of deformation across the section is expressed in 

terms of the deformation at the compressed face of the section and the parameters determining the 

position of the neutral axis, see Figure 1. 

 zRx
x

b
bz 


 .                                                          (5) 

Based on this equality, and using the dependencies given above in Table 2, the value of the compressive 

stresses arising in the concrete within the cross-section of the reinforced concrete element can be 

uniquely determined by the parameters b   and x . Moreover, according to the fourth equality, the 

stresses in the reinforcement bars also become functions of these two parameters. Considering the 

compressive stresses arising in the concrete, the internal normal force and bending moment formed in 

the section can be expressed through the corresponding formulas of material resistance as follows: 
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Depending on the position of the neutral axis, the lower limit of these integrals is defined as in 
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 (8). In the same way, based on the stresses in the reinforcement bars, the 

following analogous equalities can be written for the internal normal force and bending moment formed 

in the section:                                                    
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In these equalities, sjA - is the cross-sectional area of the corresponding reinforcement bar. In the case 

of eccentric compression, by approximating the bent axis of the compressed element with a half-wave 

of the sine function    
0
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In these equalities, 0l  - is the calculated length of the compressed element. Based on the obtained 

expressions, for the most stressed middle section of the compressed element, the following equilibrium 

equations can be written:  
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The obtained equations (12) and (13) form the main decisive nonlinear system of equations for the 

problem under consideration. In these equalities, e - is the eccentricity of the compressive force, and P

- is the force compressing the element. Since it is not possible to construct an analytical solution for 

this system, the numerical solution algorithm proposed by Prof. M.A.Hajiyev is applied. Based on this 

algorithm, it is possible to determine with any desired accuracy the parameters characterizing the 

stress–strain state at an arbitrary level of loading. By eliminating the force parameter from the obtained 

system of equations, the following equality can be written, which establishes a relationship between 

the parameters b   and x : 

           0,,,,, * 
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x
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Since the variation interval of the parameter b  is known in advance, we accept the value (

0035,00 2  bb  ) and from equation (14) the parameter x ,  which determines the position of the 

neutral axis, can be found with any desired accuracy as the root of a single-variable nonlinear equation.  

Based on the known values of these two parameters, all the parameters characterizing the stress–strain 

state, including the maximum displacement f  of the element and the compressive force P  

corresponding to the accepted deformation value, can be determined. This makes it possible to 

construct the “load–displacement” graphs, which play an important role in determining the load-

bearing capacity of compressed elements. The described solution algorithm can be easily programmed, 

and a corresponding program module has been developed in the Turbo Pascal ABC algorithmic 

language to implement the solution algorithm. Using this module, various parametric analyses have 

been carried out. 

 

 

Parametric analyses 

 

Initial data – radius mR 2,0  of the cross-section, calculated length ml 60   of the element, the section 

reinforced with 400A  class  2212   reinforcement, radius mRsj 169,0  of the circle on which the 

centroids of the reinforcement bars are located,  design resistance MPaRR scs 360 of the 

reinforcement bars in tension–compression, concrete class 20B , design compressive resistance

MPaRb 5,11 of the concrete.  In the case of conditional central compression, that is, when the 

eccentricity of the compressive force is me 01,0 , the corresponding calculations have been carried 

out. As a result of these calculations, in Figure 2 the “load–displacement” diagrams have been 

constructed. 
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Figure 2. “Load–displacement” diagrams of the compressed element with the calculated length 

ml 60  .  

1 – Complete compressive diagram for concrete 20B ; 2 – Tri-linear compressive diagram for concrete

20B ; 3 – Bi-linear compressive diagram for concrete 20B ;  4 – Complete compressive diagram for 

concrete 40B ; 5 – Tri-linear compressive diagram for concrete 40B ; 6 – Bi-linear compressive diagram 

for concrete 40B ; 

      As a result of the calculations carried out, it was determined that when applying the complete, 
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and the two-line diagram are applied, the increasing branch of the complete diagram is fully realized, 

while when the three-line diagram is applied, the descending branch is also realized.  

In order to study the effect of the concrete grade, the same element of calculated length was analyzed 

for concrete grades 40B and MPaRb 22 , and the results are presented in Graph 1. As can be seen from 

the graphs, although the load-bearing capacities according to all three diagrams are close to each other, 

other parameters characterizing the stress–strain state may differ. Results obtained with the application 

of the three-line diagram are observed to be closer to those obtained with the complete diagram. In 

Figure 3, the variation of the parameter determining the position of the neutral axis according to the 

level of loading is presented for all three diagrams. From the constructed graphs the analytical 

expression of the concrete’s compression deformation diagram has a more significant influence on the 

variation of this parameter. It was also determined that, when the complete diagram and the two-line 

diagram are applied, now of loss of load-bearing capacity the third and fourth reinforcement bars reach 
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the yield limit, while the remaining reinforcement bars work within the elasticity limit. However, when 

the three-line diagram is applied, in addition the second reinforcement bar also reaches the yield limit. 

 

 
Figure 3. The dependence graph of the parameter ml 60   which determines the position of the 

neutral axis in the most stressed cross-section of the compressed element of length  x , on the 

deformation E of the compressed face of that section.  

1 – Complete compressive diagram for concrete 20B ;  

2 – Tri-linear compressive diagram for concrete 20B ;  

3 – Bi-linear compressive diagram for concrete 20B ;   

4 – Complete compressive diagram for concrete 40B ;  

5 – Tri-linear compressive diagram for concrete 40B ; 

6 – Bi-linear compressive diagram for concrete 40B ; 

      

From the graphs it is clearly seen that, although the change of the parameter x , which determines the 

position of the neutral axis, is small when the concrete grade increases from 20B to  40B ,  the load-

bearing capacity of the element increases by approximately 41.1%. This once again shows that one of 

the main factors affecting the load-bearing capacity of compressed reinforced concrete elements is the 

grade of the concrete. 

     To study the effect of the slenderness of the compressed element, the above-considered element was 

also analyzed for an element with the calculated length ml 30  , while keeping all other parameters the 

same. The results of the calculations are reflected in figure 4 and figure 5 below. From these graphs it 

is also clearly seen that, when applying all three diagrams, almost the same results are obtained for the 

load-bearing capacity. Here too, although the increase of the concrete grade has little effect on the 

change of the parameter that determines the position of the neutral axis, it has a significant effect on 

the load-bearing capacity. For the short element considered, the increase in load-bearing capacity 

amounted to approximately 42.4%. It should be noted that, because of the calculations carried out, it 

was determined that the reinforcement ratio, the eccentricity of the compressive force, and the method 

of fixing the ends of the compressed element also have a significant effect on the load-bearing capacity. 

It was also determined that, under the influence of service loads, the application of the complete 

diagram is recommended to obtain more reliable results. 
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Figure 4. ‘Load–displacement’ graphs of the compressed element with the calculated length ml 30  . 

1 – Complete compressive diagram for concrete 20B ;  

2 – Tri-linear compressive diagram for concrete 20B ;  

3 – Bi-linear compressive diagram for concrete 20B ;   

4 – Complete compressive diagram for concrete 40B ;  

5 – Tri-linear compressive diagram for concrete 40B ; 

6 – Bi-linear compressive diagram for concrete 40B ; 

 

 

 
Figure 5. The dependence graph of the parameter ml 30  , which determines the position of the 

neutral axis in the most stressed cross-section of the compressed element of length x , on the 

deformation  b  of the compressed face of that section.  
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1 – Complete compressive diagram for concrete 20B ;  

2 – Tri-linear compressive diagram for concrete 20B ;  

3 – Bi-linear compressive diagram for concrete 20B ;   

4 – Complete compressive diagram for concrete 40B ;  

5 – Tri-linear compressive diagram for concrete 40B ; 

6 – Bi-linear compressive diagram for concrete 40B ; 

 

Main results. 

 

1. In determining the load-bearing capacity of compressed reinforced concrete elements, when 

using the simplified bilinear and trilinear diagrams proposed by the standards, results consistent 

with those obtained by applying the complete diagram are achieved. 

2. For the reliable determination of the parameter characterizing the stress–strain state of 

compressed elements, the application of more precise deformation diagrams is recommended. 
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